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Lecture 20 : Zeres

, poles ,
residue

Last time... Sanchis integral formula,
Liouvilles thm,

Def: Neighborhood (nthb) of a pointz ,

is a setME
u

which contains a disc Dr(z)=M
. n6h* Dulzd

Defi
not nohd:Dad

A zo of a holomorphic function f is a

pointzo such that f(zo) = 0.

· Ex :

· f(z) = zH =+illz-i) has two zeros
,
imb-i.

-1-

both linear terms ,

" simple"zeros ,

· g(x) = zu has Izo
,

O
,

of "Order" 2.

Lemma 1
.48R :

Inot identically zerd

Let find behelomorphic with a zero zo
.

Then in a nohd H of z
,

we may write

f(z) = (z - zj)ng(z) for all zel

where
· g(z) = 8 and holomorphic
· m is unique.

we call on theoder of the zoro zo
. Simple order



Note : this is not true for real-differentiable functions:

Ex : (HW not equl to Taylor series)
-

f : R= R .

X >

f(x) = [e X = )

=
There are "too many zeros" here to factor out !

Lit just doesn't work) .

Meanwhile
,

f(z) = (z -z(
-

g(z) g(z)OVE,

meansf "looks like" a polycewil
near zeros :

(7- E
,
) (z- 7

,
) (E-7)3

f Vo ...



Es equal to its power series in a dis Dr(z)
,

so

f(z)=z

spodtoan1zze FLetorre
M
↓
nonzero
firsto Y
M > O since fles = 8 .

Define -

g(z)=mr(z
the

f(z) = (z - zj) g(z)
and g(zd) = am+ 0. #

Warning : this is a local description .
It may be

that
g=

0 outside the nohd
.

Ex: f(z) = sinz has a simple zero at

z = 0
,
since

U=Dr(0)
f(z) = z- +-

=
: -

nearby z = 5
,

e . g. on
H=Drld)with orait ,

g(z)+ 0
.

But g(u) = 0 since flit)= 0.



Let's nor talk about singularities. u
Def: Removable singularity
Let f be holomorphic on a punctured nohd 11975]

wecallzorbsingulittitwea
Exi
f(z) =St is technically undefined at z = 0.

But this is easy
to fix

f(z)=
z + 8

S 1
z = 0

This is now holomorphic.

Def: Pole

If f is holomorphic on a punctured nohd M \(z0)
,

We say
it has aeetorder in if

I has a zero of order m
.

If mil
,

we call it a simplepole.

Ex :

& has a pole of enter 2 at 0
, since = z

z2
has a Zero ef order 2 .



tealhas a pole of order m atzo ift

there is a nohdMate ,

onwhich

f(z) = (z -zo)g(z) FEEMIEEd

u . th g(z) to and holomorphic on U.

Pikemma 140Ron.
The
#fhas a pole of order m at zo

,
then it con be

represented uniquely as

f(z)=+G

where G is holomorphic on a nohd Met z
.

and ami-ma ,
...,

9
_,
D with am t0 .

= 17-70f(z) is hobmorphic on and satisfies

g(70) 0 .

Write its power series :

g(z) =&Glz-
= b

,

+ 6
,
(7 -z0) +

.. .

+ 6m - /z -z)v +86
L -

6
.

70
. = G(z)



Now
,

divide both sides by (E-Ed :

f (z)=
⑭

Defi have a pole et order m at z ,
so wemay write

f(z)=+-G
- ↑
· principal port of f. holemorphic

The recbueof fat
zo is

near z,

Rest : = a
- 1

7o


